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ABSTRACT
We develop and implement a model to analyze the internal kinematics of galaxy clusters that may
contain subpopulations of galaxies that do not independently trace the cluster potential. The model
allows for substructures within the cluster environment, disentangles cluster members from contami-
nating foreground and background galaxies, and includes an overall cluster rotation term as part of
the cluster kinematics. We estimate the cluster velocity dispersion and/or mass while marginalizing
over uncertainties in all of the above complexities. In a first application to our published data for
Abell 267 (A267), we find no evidence for cluster rotation but we identify up to five distinct galaxy
subpopulations. We use these results to explore the sensitivity of inferred cluster properties to the
treatment of substructure. Compared to a model that assumes no substructure, our substructure
model reduces the dynamical mass of A267 by ∼ 20% and shifts the cluster mean velocity by ∼ 100
km s−1, approximately doubling the offset with respect to the velocity of A267’s brightest cluster
galaxy. Embedding the spherical Jeans equation within this framework, we infer for A267 a dark
matter halo of mass M200 = 6.77± 1.06× 1014M/h, concentration log10 c200 = 0.61± 0.39, consistent
with the mass-concentration relation found in cosmological simulations.
Keywords: galaxies: clusters: general – galaxies: clusters: individual (A267) – galaxies: distances and
redshifts – galaxies: kinematics and dynamics – methods: data analysis
1. INTRODUCTION
Galaxy clusters are the most massive gravitationally
bound and relaxed structures in the Universe, thereby
representing important laboratories for observational
cosmology (Rines et al. 2003; Voit 2005; Jones et al. 2009;
Vikhlinin et al. 2009; Geller et al. 2013; Rines et al. 2013;
Sohn et al. 2017). Due to their high density of galax-
ies they are also ideal for studying galaxy interactions
and the effect these interactions have on the galaxy pop-
ulation. Galaxy clusters are studied in a multitude of
ways, from gravitational lensing both weak and strong
(for example Kneib 2008; Postman et al. 2012; Apple-
gate et al. 2014; Barreira et al. 2015; Gonzalez et al. 2015,
and references therein), to X-ray temperature measure-
ments of hot intracluster gas (Guennou et al. 2014; Mof-
fat & Rahvar 2014; Girardi et al. 2016; Rabitz et al. 2017)
to Sunyaev-Zeldovich effects (Sunyaev & Zeldovich 1970;
Churazov et al. 2015), to spectroscopic velocity measure-
ments of cluster members (e.g. Rines et al. 2003; Geller
et al. 2014; Stock et al. 2015; Rines et al. 2016; Tasca
et al. 2016; Biviano et al. 2016, and references therein).
All of these methods can provide mass estimates, thus
constraining the high-mass end of the halo mass func-
tion, thereby constraining cosmological parameters such
as the amplitude of the power spectrum or the evolution
of dark matter and dark energy density parameters.
When calculating cluster masses using the velocities
of cluster members, it is common to assume that the
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2cluster is a relaxed system with a gravitational potential
and kinematics that satisfy the viral theorem. However,
such assumptions neglect recent galaxy accretion that
could alter the distribution of galaxies in phase space
(Regos & Geller 1989; van Haarlem et al. 1993; Diafe-
rio & Geller 1997; Rines et al. 2003). Residual angu-
lar momentum during formation, as well as the presence
of in-falling groups, could contribute a rotational veloc-
ity to the cluster (Aryal et al. 2013; Tovmassian 2015;
Manolopoulou & Plionis 2017). Li (1998) suggests that
any global rotation of the universe could provide angu-
lar momentum to galaxy clusters during their formation.
Additionally, even in systems that appear relaxed, these
mergers can generate residual substructure within the
cluster environment such that individual galaxies are not
necessarily independent tracers of the gravitational po-
tential (Dressler & Shectman 1988; Biviano et al. 2002;
Girardi et al. 2015). These factors have the potential
to impact dynamical mass measurements, leading to sys-
tematic errors which will then propagate into cosmolog-
ical inferences.
Early efforts were made to detect rotations in galaxy
clusters; however, this proved difficult without distin-
guishing between closely interacting groups (see Materne
& Hopp 1983; Oegerle & Hill 1992, for example). More
recently the effects of recent mergers and close interac-
tions have been accounted for and some authors have
started exploring galaxy rotation in more depth. Some
have used large surveys such as SDSS to look for galaxy
rotation in relaxed systems and report evidence of ro-
tating clusters (Hwang & Lee 2007; Tovmassian 2015).
Multiple analyses of Abell 2107 have concluded that it
is rotating (Oegerle & Hill 1992; Kalinkov et al. 2005).
Through X-ray observations some groups have studied
the rotation of the intracluster medium (ICM) (e.g. Bian-
coni et al. 2013). And most recently Manolopoulou &
Plionis (2017) applied a model for determining whether
a cluster rotates and, if it does, information about its
rotational dynamics.
Additionally, recent efforts have been made to iden-
tify substructure within galaxy clusters. There are many
3D, 2D, and 1D tests for substructure that have been
developed in the past few decades (Dressler & Shectman
1988; West et al. 1988; West & Bothun 1990; Hou et al.
2009; Coziol et al. 2009). Pinkney et al. (1996) com-
pared and discussed the validity of some of the earlier
tests while others have applied them to SDSS clusters
(Einasto et al. 2012). Recent efforts in substructure anal-
ysis have focused on identifying subpopulations based on
galaxy morphological types (e.g. Biviano et al. 2002; Bar-
rena et al. 2007; Chon et al. 2012; Girardi et al. 2015).
Accounting for such substructure when measuring dy-
namical masses is vital in achieving accurate estimates.
For example, Old et al. (2017) has shown that almost all
dynamical mass estimators overestimate cluster masses
for clusters with significant dynamical substructure com-
pared to estimates for clusters without substructure.
Furthermore, the identification and proper modeling of
substructure may be important for distinguishing among
competing models for the nature of dark matter. For
example, under the standard cold dark matter (CDM)
paradigm, dense ‘cusps’ form at the centers of dark mat-
ter halos (Dubinski & Carlberg 1991; Navarro et al. 1996,
1997). In galaxy cluster halos, CDM cusps will tend to
bind the brightest cluster galaxy (BCG) near the halo
center. However, recent simulations suggest that if the
dark matter undergoes significant self-interactions, the
subsequent unbinding of central cusps (particularly in re-
sponse to major mergers) would allow BCGs to ‘wobble’
about the cluster center (Harvey et al. 2017; Kim et al.
2017). Such wobbles could be detected as offsets between
clusters and their BCGs in the projected phase-space.
Substructure can affect the detection of such offsets, as
the elements within a given substructure do not indepen-
dently sample a phase space that is representative of the
cluster itself.
Clearly both rotation and substructure can affect in-
ferences about the internal dynamics of galaxy clusters.
Here we devise a framework that can account for both
affects simultaneously. This allows us to study the im-
pacts of both phenomena on cluster mass estimates, and
to marginalize over uncertainties in rotation and sub-
structure. In this paper we apply this model to our own
published spectroscopic observations of Abell 267 (A267
Tucker et al. 2017), combined with measurements from
the redshift catalogue HectoSpec (Rines et al. 2013) to
achieve a large sample. We summarize these data sets
in §2. In §3 we describe the dynamical model, and we
then apply the model to A267 assuming a uniform veloc-
ity dispersion (§4) and a dark matter halo model (§5).
Throughout the paper we use H0 = 100 h−1km/s/Mpc
and mass density Ωm = 0.3.
2. DATA
The A267 data are drawn from three separate cat-
alogues. The spectroscopic observations are a combi-
nation of over 1000 measured redshifts by HectoSpec
(HeCS, Rines et al. 2013) and 223 galaxies with the
Michigan/Magellan Fiber System (M2FS). For galaxies
that were observed in both data sets, we used a weighted
(by inverse variance of redshift) mean of the measured
redshifts. The combination of these included 1219 galaxy
redshifts with a median error of 32km/s.
The observations, data reduction, and spectral fitting
model for the M2FS spectroscopy is described in detail
in Tucker et al. (2017). We fit these spectra using a
population synthesis integrated light model, that esti-
mates line-of-sight velocity, vlos, along with stellar popu-
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lation parameters mean age, metallicity [Fe/H], chemical
abundance [α/Fe], and internal velocity dispersion σint.
A summary of these results can be found in Table 3 of
Tucker et al. (2017) and the full data product, including
sky-subtracted spectra with variances, best fitting model,
and samples from the posterior distribution, can be found
online at https://doi.org/10.5281/zenodo.831784.
The HeCS catalog is described in detail by Rines et al.
(2013) and contains redshifts for over 22,000 galaxies in
over 50 different clusters. Compared to the M2FS sam-
ple, the HeCS sample for A267 is much larger and pro-
vides wider coverage. The M2FS sample, while smaller,
provides extra dimensions of information, including mean
ages and metallicities.
Both spectroscopic data sets were selected via the
galaxy red sequence described in §2.1 of Tucker et al.
(2017) and shown in Fig. 1 of that paper. We ap-
plied this same selection criteria to obtain a photometric
galaxy sample from the Sloan Digital Sky Survey (SDSS)
of 1849 galaxies. The galaxies contained in the spectro-
scopic sample are a subset of those in the photometric
sample. Fig. 2 shows the positions of all galaxies used
in this analysis. The open markers are galaxies with
only photometric observations, while the filled markers
are galaxies with spectroscopically measured redshifts.
Fig. 3 shows the redshift distribution of galaxies used in
this analysis.
Because we select galaxies via the red sequence, our
inferences on cluster substructure and kinematics are bi-
ased to the quiescent galaxy population. We note that
the velocity dispersion of quiescent galaxy members has
been shown in the past to be smaller than the velocity
dispersion of blue members (see Zhang et al. 2012, for
example).
The spectroscopic completeness as a function of radial
distance and r-band magnitude are shown in Fig. 1. The
majority of the galaxies targeted via the red sequence lie
between magnitudes 18 and 21.
3. GALAXY CLUSTER MIXTURE MODEL
In this section we describe the mixture model for
galaxy cluster substructure analysis.
We model the observed distribution of galaxy positions
and redshifts as a random sample from several distinct
galaxy populations. We define the populations as: the
main cluster population, a set of subpopulations of galax-
ies within the cluster, and a contamination population
including both foreground and background galaxies. We
incorporate into the model the photometric observations
of the galaxies from SDSS within 30’ of the center of
A267, along with the spectroscopic measurements of vlos
from HeCS and M2FS. We define the likelihood function
that, given a set of model parameters θ , describes the
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Figure 1. Spectroscopic completeness as a function of
radial distance (top) and r-band magnitude (bottom).
observed position and velocity distribution as
L =LphotLspec (1)
where Lphot is the likelihood function associated with
the photometric dataset and Lspec is associated with the
spectroscopic dataset.
We model the discrete photometric sample of galaxies
as being drawn independently from an underlying surface
brightness profile I(R). Therefore, the probability of ob-
taining our observed photometric sample is (Richardson
et al. 2011)
Lphot ∝ exp
[
−
∫
R
I (R)d2R
]Ngal
∏
i
I (r i) (2)
where R is the field-of-view (FOV), I (R) is the surface
brightness profile, Ngal is the number of galaxies observed
in the photometric dataset, and r i is the position on the
sky of each galaxy. The constant of proportionality here
does not depend on the model. For a multi population
model, the surface brightness profile is the sum of the
profiles for each individual population:
I (R) =
Np
∑
M=1
IM (R) (3)
where Np is the number of populations in the model. For
our multi-population model we assume the main pop-
ulation follows a Navarro, Frenk, and White (NFW)
profile (Navarro et al. 1996): I1 (R) = INFW (R); con-
taminating galaxies follow a uniform profile: I2 (R) =
Σcontam over the FOV. Each of the subpopulations
4within the cluster follows a gaussian profile: Ii+2 (R) =
Σsub,i exp
[
− 12 (R−Ri)2 /R2sub,i
]
, where Ri is the position on
the sky of the i-th subpoplution with scale length Rsub,i
and Σsub,i is a normalization factor. Even though the
light profile for the subpopulations may follow an NFW
profile or some other non-Gaussian profile, we chose to
use a Gaussian in order to increase the computational ef-
ficiency of the model because the projection of the NFW
profile is not analytic.
The spectroscopic likelihood function used to describe
the velocity distribution is
Lspec =
Nspec
∏
i
P(vi|r i,θ ) (4)
where Nspec is the number of galaxies in the spectroscopic
data set, vi is the velocity of each galaxy, and P(vi|Ri,θ )
is the probability distribution of measured line-of-sight
velocity vi, given position r i and model parameters θ .
We can then marginalize this distribution over the pop-
ulations and invoke Bayes’ Rule to write
P(vi|r i,θ ) =
Np
∑
M=1
P(vi|M,r i,θ ) P(M|θ )P(r i|M,θ )P(r i|θ ) . (5)
The first term in the numerator is simply the number
fraction of galaxies within that population: P(M|θ ) =
fM = NM/Ntot. The second term in the numerator,
P(r i|M,θ ), is the probability for a galaxy at position r i
given the population M and the model θ , which is di-
rectly proportional to the surface brightness profile of the
population: P(r i|M,θ ) = 2piriIM (r i)/NM. The denomina-
tor we can again marginalize over the populations so that
P(r i|θ ) = ∑NpQ P(r i|Q,θ )P(Q|θ ). And so we can re write
Eq. 5 as
P(vi|r i,θ ) = ∑
Np
M P(vi|M,r i,θ ) IM (r i)
∑NpQ IQ (r i)
. (6)
The final probability distribution in Eq. 6 describes
the velocity distribution for a given population M and
position r i. We allow for a different velocity distribution
for each of the different populations incorporated into the
model. For the main cluster population, we assume that
the velocity distribution follows a Gaussian profile with
a rotational velocity term such that:
P(vi|M = main,r i,θ ) =
exp
[
− 12 (vi−〈V 〉267−Vrot(ri))(δ 2i +σ(Ri)2main)
]
√
2pi
(
δ 2i +σ(r i)2main
) (7)
where δi is the measurement uncertainty in vi, σ(r i)main
is the velocity dispersion of the cluster at the position of
each galaxy, 〈V 〉267 is the average velocity of the cluster,
and Vrot (r i) is the rotational velocity of the cluster and
is given by:
Vrot (r i) = 2vrot
ri
ri +Rmain
sin(θi−θrot) (8)
where vrot is the amplitude of the rotational velocity at
the NFW scale radius Rmain, and θrot is the angle of the
axis of rotation.
For each subpopulation within the cluster we assume
a Gaussian velocity distribution:
P(vi|M = sub,r i,θ ) =
exp
[
− 12 (vi−〈V 〉sub)(δ 2i +σ2sub)
]
√
2pi
(
δ 2i +σ2sub
) (9)
where 〈V 〉sub and σsub are the mean velocity and velocity
dispersion of the subpopulation.
For the contamination population we implement a
weighted Gaussian smoothing kernel:
P(vi|M = contam,r i,θ ) =
∑
Nspec
j w j exp
[
− 12
(v j−vi)2
σ2contam
]
√
2piσ2contam∑
Nspec
j w j
(10)
where σcontam = 1000km/s is the smoothing parameter
that we set ahead of time to smooth the contamination
population. This choice for σcontam is arbitrary; how-
ever we confirm that our subsequent results are insen-
sitive to the value of σcontam. Furthermore, we chose
σcontam = 1000 km/s because this is the scale of galaxy
cluster velocity dispersions, and foreground and back-
ground clusters dominate the contaminations population.
In order to set the weights w j, we implemented an
Expectation-Maximization (EM) algorithm to quickly
determine a prior probability of cluster membership,
Pmem, and we then set w j = 1−Pmem, j. Our implemen-
tation of the EM algorithm is similar to the method de-
scribed by Walker et al. (2009), with a few modifications.
First, we use the velocity distribution for the contamina-
tion population described in Eq. 10 instead of the Gaus-
sian profile described in Walker et al. (2009); because of
this, we do not update σcontam during the maximization
step, instead we use a fixed value for σcontam throughout
the entire algorithm. Second, for initialization of the al-
gorithm, we specify the seed values for 〈V 〉267 and σmain,
the mean velocity and velocity dispersion of the cluster,
respectively. With these changes, the EM algorithm only
has two parameters to update during the maximization
step: 〈V 〉267 and σmain.
In order to test the effectiveness of this contamination
component of the model, we compared the general model
with a model that identifies cluster members beforehand.
We used the caustic technique (Diaferio 1999; Gifford
et al. 2013) to select cluster members as the galaxies
that lie within the caustic surfaces in phase space. Then
only using these galaxies we re-ran our model with a
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small modification; because this method already removes
contaminats, we no longer include this population (Eq.
10) in the mixture model for the spectroscopic likelihood
function (Eq. 6). Essentially Eq. 6 only sums over the
main cluster halo and the subpopulations but no longer
includes the contamination population. The results from
fitting the model in this way produce consistent results
with those outlined in §4.3 below.
For every model θ , we can evaluate the probability
that each galaxy is a member of the various populations.
Given a galaxies velocity vi and position Ri, the proba-
bility that it is a member of population M is
PM = P(M|vi,r i,θ ) = P(M|θ )P(vi,r i|M,θ )P(vi,r i|θ )
=
P(vi|r i,M,θ ) IM (r i)
∑QP(vi|r i,Q,θ ) IQ (r i)
. (11)
In the following sections we will use ”probability of mem-
bership to the cluster” to refer to the probability that an
individual galaxy belongs to either the main population
or any subpopulation, and we define this membership
probability as Pmem = 1−PM=contam.
In order to fit this model, we use the nested sampling
algorithm MultiNest (Feroz et al. 2009), which simulta-
neously calculates the Bayesian evidence, used for model
selection, and generates random samples from the poste-
rior probability distribution.
4. UNIFORM VELOCITY DISPERSION PROFILE
In this section, we use a simple kinematic model in
order to explore how inferences on the kinematics of A267
depend on the number of subpopulations allowed. We
do this by running six separate model fits, each model
allowing an additional subpopulation (from zero to five).
The free parameters and their prior ranges used in these
models are given in Table 1.
4.1. Number of Subpopulations in A267
As discussed by Old et al. (2017), the presence of sub-
structure can have a significant effect on dynamical mass
measurements of galaxy clusters. In order to understand
this effect on mass estimates, as well as detections of clus-
ter rotation, we first assume a simple uniform velocity
dispersion profile to explore how substructure influences
these measurements. We fit a set of six models, with
each model allowing an additional subpopulation within
the cluster environment (the largest number of subpop-
ulations we fit are NSubs = 5). Each additional subpop-
ulation requires 6 new free parameters to be included
(central coordinates, mean velocity and velocity disper-
sion, scale radius, and member fraction); a summary of
these parameters and the chosen prior ranges is given
in Table 1. Because all subpopulations have the same
functional form, we specify some requirement so that the
subpopulations are consistently ordered. Specifically, we
require each additional subpopulation to have a mean
velocity larger than that of the previous subpopulation,
i.e. 〈V 〉sub1 < 〈V 〉sub2... etc. This requirement is imposed
on the prior ranges and is reflected in the row for zsub,i in
Table 1.
Fig. 4 shows a summary of the main results from this
analysis. In the top panel we show the evolution of the
change in the log evidence for each model relative to the
NSubs = 0 model. This value is frequently referred to as
the Bayes factor, and it is commonly used for model se-
lection. The larger the Bayes factor, the more signifi-
cant the evidence is that new model is “better” than the
previous model, accounting for differences in model com-
plexity. According to Kass & Raftery (1995), a Bayes
factor (∆ log(Ev)) between 3 and 5 indicates “strong” ev-
idence and if this factor exceeds 5, then the new model
is very strongly favored. The Bayes factor is consistently
> 3 for the NSubs = 1, 2, and 3 models, which indicates
that each of these models is strongly favored over the
model with one less subpopulation (NSubs = 0, 1, and 2
respectively). However, the NSubs = 4 and 5 (with Bayes
factors < 3) are “slightly positive” or “not worth more
than a bare mention” compared to the model with one
less subpopulation. Thus, the Bayes factor appears to
favor the NSubs = 3 or 4 model.
The second panel in Fig. 4 shows the number of like-
lihood evaluations needed to adequately sample the pos-
terior PDF of each model. As expected for models with
increasing number of free parameters, the required num-
ber of likelihood evaluations increases exponentially.
The third panel in Fig. 4 shows the number fraction of
galaxies in all subpopulations. This panel gives an idea
of how many galaxies are added to the subpopulations
with increasing number of subpopulations.
In the other four panels of Fig. 4 we show the evolu-
tion of free parameters describing the main cluster: NFW
scale radius Rmain, mean cluster redshift z267, velocity dis-
persion σmain, and cluster rotational velocity vrot. The
second from the bottom panel (σmain) shows the evolu-
tion of velocity dispersion, or in other words the mass of
the cluster. For comparison, we include the velocity dis-
persion for A267 measured by Rines et al. (2013), which
is calculated by first identifying cluster members via the
Caustic technique (Diaferio & Geller 1997) and calculat-
ing the dispersion of the members about the mean clus-
ter redshift (also determined via the Caustic method).
The Caustic method does not explicitly consider the ef-
fects of substructure (unless it is evident in the plane of
vlos−R), so we compare it to to our measurement assum-
ing NSubs = 0, finding good agreement. As the number
of subpopulations increases, the velocity dispersion de-
creases; furthermore, the velocity dispersion decreases by
∼ 100 km/s from NSubs = 0 to NSubs = 4. Assuming that
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Figure 2. Top left shows the positions of galaxies on the sky. Each galaxy is colored and shaped based on which
population the galaxy has the highest probability of membership: red stars are the main cluster population, green
squares, purple diamonds, orange triangles, brown hexagons, and cyan crosses are for the five subpopulations, and blue
circles are either foreground or background contamination galaxies. The solid red circle shows the scale radius of the
main cluster population Rmain centered on A267. The other colored circles show the scale radius Rsub,i of their respective
subpopulations centered on the measured center of the population. The dashed black curves show contours of equal
density from the highest likelihood number density profile to the data (Σmain +Σsub1 +Σsub2 +Σsub3 +Σsub4 +Σsub5). In
the other two panels, we overplot these contours as well as the scale radii of the populations on top of the SDSS image
center on A267, the x-ray luminosity (shown as a pink hue), and the weak-lensing signal (shown in light blue, Okabe
et al. 2010). The bottom panel is a zoom-in on the center of A267.
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Table 1. Free parameters and priors for uniform velocity dispersion model of Abell 267. For the first subpopulation,
the prior range for zsub,1 is the same as for the main cluster: uniform between 0.22 and 0.245
Parameter Prior Description
Rmain/Rmax Uniform between 0 and 1 Scale radius of main cluster population
z267 Uniform between 0.22 and 0.245 Redshift of A267
log10
(
σmain/km s−1
)
Uniform between 0 and 3.5 Velocity dispersion of main cluster population
log10
(
vrot/km s−1
)
Uniform between 0 and 3.5 Central rotational velocity of main cluster population
θrot Uniform between −pi and +pi Direction of main cluster population rotational velocity
log
[
Σcontam/arcmin−2
]
Uniform between −2 and 15 Surface brightness density for the uniform contamination profile
fmem Uniform between 0 and 1 Number fraction of galaxies in A267 (main + subpopulations)
Rsub,i/Rmax Uniform between 0 and 1 Scale radius of i-th cluster subpopulation
rc,sub,i/Rmax Uniform between 0 and 1 Radial location of center of i-th cluster subpopulation
θc,sub,i Uniform between 0 and 2pi Angular location of center of i-th cluster subpopulation
zsub,i Uniform between zsub,i−1 and 0.245 Redshift of i-th cluster subpopulation
σsub,i/σmain Uniform between 0 and 0.5 Velocity dispersion of i-th cluster subpopulation
f1... fi Uniform between 0 and 1 Number fraction of of galaxies in each subpopulation
Table 2. Mean values and standard deviations of 1D posterior PDFs for A267 free parameters in the uniform velocity
dispersion model
R0/Mpc h−1 α2000/deg δ2000/deg z σ/km s−1 vrot/km s−1 θrot/rad fmem
Main 0.29±0.06 28.174 0.999 0.2287±0.0004 818±59 121±114 1.21±1.63 0.157±0.014
Sub1 0.45±0.63 28.114±0.040 1.003±0.003 0.2238±0.0010 195±72 0.009±0.004
Sub2 1.54±0.46 28.205±0.006 0.712±0.058 0.2298±0.0009 269±79 0.018±0.007
Sub3 0.71±0.30 28.160±0.004 1.168±0.046 0.2311±0.0005 225±77 0.012±0.005
Sub4 0.33±0.08 28.157±0.003 1.056±0.011 0.2367±0.0004 247±63 0.008±0.003
Sub5 1.52±0.37 27.926±0.036 0.925±0.011 0.2403±0.0004 189±72 0.011±0.004
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Figure 3. The velocity distribution profile. The grey
histograms show the profile of the galaxy redshift sam-
ple (HeCS plus M2FS). The red curve is the profile for
the main cluster population, the green, purple, orange,
brown, and cyan are for the five subpopulations, and
the blue is for the contamination population. The black
curve is the sum of all of these profiles. The insert in
the upper left corner shows the distribution zoomed-in
on the region of redshift space around A267.
Mvir ∝ σ2 this difference could contribute a ∼ 20% error
in dynamical mass estimates for A267.
The inflation of velocity dispersion due to the pres-
ence of substructure is not a new result. Beers et al.
(1982) studied the dynamics Abell 98, and showed that
the cluster was sub-structured with two distinct compo-
nents. Furthermore, by using a two component model to
fit the cluster dynamics, they showed that failure to rec-
ognize this substructure inflates the velocity dispersion
and hence the mass-to-light ratio of the cluster. Geller
(1984) obtain a similar result for the Cancer Cluster.
What is new here is the ability to evaluate the number of
substructures and estimate cluster mass while marginal-
izing over uncertainty in the substructure parameters.
As the number of subpopulations increases, the scale
radius Rmain decreases. This trend is consistent with the
mass of the main cluster also decreasing. Another trend
of note is that the mean cluster redshift z267 decreases.
The first two subpopulations identified by the model are
subpopulations with redshifts larger than z267, therefore,
once these populations are accounted for, we would ex-
pect z267 to also decrease. Furthermore, we also include
the redshift of the BCG of A267. Clearly, the redshift
of the BCG differs from the measured mean cluster red-
shift (this offset is on the order of 100 km/s). For all
models considered in this analysis, we do not detect any
significant cluster rotation.
We also note that our models are consistent with each
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Figure 4. Summary plot of the subpopulation analysis.
The first panel from the top shows the evolution of the
change in Bayesian evidence relative to the NSubs = 0
model, which is commonly known as the Bayes factor.
The second panel shows the number of likelihood evalu-
ations required to adequately sample the posterior PDF
of each model. Next is the number fraction of galaxies
within all subpopulations. The bottom four panels are
the model parameters used to describe the main clus-
ter populations: NFW scale radius Rmain, mean cluster
redshift z267, velocity dispersion σmain, and rotational ve-
locity vrot. The dashed line in the 5th panel shows the
measured redshift of the BCG for A267. In the second
from the bottom panel, the green star shows the velocity
dispersion of A267 as measured by Rines et al. (2013).
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Figure 5. “Bubble plot” for the ∆-statistic. Each member
galaxy is plotted with a circle whose size is proportional
to δi (Eq. 12). Regions of large circles show areas with
high probability of substructure. From left to right and
top to bottom we increase the number of subpopulations
which is given in the bottom left of each panel.
other as we increase the number of subpopulations. In
other words, if a subpopulation is identified in the Nsubs =
1 this same subpopulation will remain in the analysis
when Nsubs = 5. This is important because each model is
independent of the previous, there is no guarantee that
the identification of the substructure will be consistent.
4.2. Comparison to standard tests for substructure
A commonly used statistical test for substructure is
known as the ∆-statistic and was developed by Dressler
& Shectman (1988). The ∆-statistic looks for deviations
in the local velocity from the global velocity of the clus-
ter. First, for each galaxy one calculates the mean local
velocity vlocal and local dispersion σlocal of the n nearest
neighbors to the galaxy, where typically n∼√Ntot. This
local velocity and dispersion is compared to the global
velocity 〈V 〉267 and dispersion σmain of the cluster quan-
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Figure 6. Rest frame cluster centric velocity versus ra-
dius. Galaxies are colored and shaped in the same manor
as described in Fig. 2.
tified by
δ 2i = (n+1)
[
(vlocal−〈V 〉267)2 +(σlocal−σmain)2
]
/σ2main.
(12)
The full ∆-statistic is the sum of δi over all galaxies Ntot.
Fig. 5 shows a “Bubble Plot”, a commonly used rep-
resentation of the ∆-statistic. Each galaxy’s “bubble” is
sized by that galaxy’s δi value given by Eq. 12. In each
panel we show the progression of this plot for increasing
number of subpopulations. We first apply a hard cut on
the probability of membership to the main cluster Pmain
and only show galaxies with Pmain > 0.9. We also only
show the results for the maximum likelihood model for
each number of subpopulations. Fig. 5 clearly shows that
as more subpopulations are removed from the main clus-
ter, the sizes of the “bubbles” decrease because our sub-
structure analysis identifies the same substructure that
affects the ∆-statistic.
The previous two subsections give a glimpse into the
effects substructure has on the analysis of cluster kine-
matics. The Bayes factor appears to favor the Nsubs = 3 or
4 models, while the δ -statistic requires at least Nsubs = 4
in order to drastically reduce the size of the δ -bubbles.
4.3. Five subpopulation model of A267
In order to explore the features of the galaxy sub-
populations identified in our analysis, Fig. 2 portrays
the highest-likelihood model obtained for the case of
Nsubs = 5. We show in the top left panel the positions
of the galaxies on the sky colored by each galaxy’s most
likely population membership. The red stars are galaxies
that are most probable members to the main cluster pop-
ulation, and the green squares, purple diamonds, orange
triangles, brown hexagon, and cyan crosses show the po-
sitions of the galaxies that are most probable members of
the five subpopulations. The blue circles are foreground
10
and background contamination galaxies. The filled sym-
bols are galaxies with spectroscopic redshifts, while the
open symbols have just photometry. The solid red circle
shows the scale radius Rmain of the cluster, which for an
NFW profile gives a size to the core of the cluster. The
other colored circles show the scale size of their respective
subpopulation. The black dashed contours show curves
of equal surface number density of the cluster as a whole;
in other words, these show the contours of equal density
of the main cluster population plus the subpopulations.
The other two panels show an overlay image of our
analysis (the colored circles and white contours) with the
SDSS mosaic (Blanton et al. 2017), the weak lensing sig-
nal in blue (Okabe et al. 2010), and x-ray luminosity
in pink (XMM-Newton objid 0084230401). The bottom
most panel is a zoom-in on the central core of A267.
The grey histogram in Fig. 3 shows the velocity dis-
tribution of the galaxies from our sample. It is easy to
see the strong peak at vlos ∼ 69000 km/s (z∼ 0.23) which
is the redshift of A267. The colored over plotted curves
show the posterior of the velocity distribution profiles
from the model. The red curve shows the velocity dis-
tribution for the main cluster population (Eq. 7), the
green, purple, orange, brown, and cyan curves are the
velocity distributions of the subpopulations (Eq. 9), the
blue curve shows the smoothed contamination velocity
profile (Eq. 10), and the black curve shows the sum of
the all populations which fits the true distribution nicely.
The insert in the top left shows a zoom-in on the region of
velocity space around the mean cluster velocity to better
show the distributions of each of the populations. The
histograms of the redshift catalogue show a large amount
of background and foreground clusters, which our model
accounts for (see Eq. 10).
Fig. 6 shows how the various sub-groups populate the
projected phase space for A267. As in Fig. 2, the points
in Fig. 6 are colored depending on the subpopulation
they are most likely members of. In combination with
Fig. 2 and Fig. 3, we give a simplistic view of the 3D
phase space of A267. Our substructure analysis has con-
strained five distinct populations. The first population
(colored in green in these figures) is a compact popula-
tions of galaxies near the cluster center and with a mean
redshift ∼ 1500 km/s smaller than the mean redshift of
A267. This subpopulation is clearly seen in Fig. 5 be-
cause these galaxies have a large δ value. The second
subpopulation (colored in purple) is a diffuse population
of galaxies to the south of the main cluster with a mean
redshift very similar to the mean cluster redshift. The
third subpopulation (colored in orange), which also has
a mean redshift similar to the mean cluster redshift, is
more compact yet still relatively diffuse compared to the
first subpopulation and is located just north of the clus-
ter center. The fourth subpopulation (colored in brown)
is a compact population of galaxies near the cluster core
with a mean velocity of∼ 71000 km/s, about∼ 2000 km/s
larger than the mean cluster redshift.
The last subpopulation (colored in cyan) is a long
extended population of galaxies with mean velocity of
∼ 72000 km/s located to the west of the cluster center,
and extends almost the same length on the sky as the
extended cluster halo. It is unclear whether this pop-
ulation is more properly considered as a loosely bound
member of A267, or as a relatively nearby component of
the background. However, this distinction is unimpor-
tant for our analysis of the kinematics of A267’s main
component. As long as this group is identified either as
a subpopulation or background it does not contribute to
the measured velocity dispersion of A267. Table 2 gives
the mean and standard deviation for each 1D posterior
for each free parameter; for some parameters, we con-
verted these posteriors into real units.
The scale radii cited in Table 2 have different mean-
ings for the main and sub populations. The scale radius
of the main cluster Rmain is the scale radius of an NFW
profile, which is roughly equal to the size of the core of
the cluster. On the other hand, the scale radii for the
subpopulations Rsub,i is the scale radius for a Gaussian
profile, which corresponds to the radius that encompasses
roughly ∼ 68% of the subpopulation’s member galaxies.
Therefore, the scale radii for the subpopulations is inher-
ently larger even though these populations are actually
smaller than the main cluster population.
In this modeling, we have not attempted to incorpo-
rate stellar-population parameters estimated in Tucker
et al. (2017) (mean galaxy age, metallicity, and alpha-
enrichment), because we only have these parameter es-
timates for a small sub-sample of the galaxies included
in this analysis. However, including these parameters
within the multi-population mixture model would poten-
tially give more power to separate subpopulations, and
would enable more detailed studies of galaxy evolution
within the cluster environment.
5. DARK MATTER HALO MODEL
Thus far we have assumed that A267’s velocity distri-
bution is independent of radius. In the following subsec-
tions, we describe our procedure and results for fitting a
dark matter halo model and corresponding velocity dis-
persion profile to the main cluster population of A267.
We will first describe the theoretical framework for calcu-
lating the velocity dispersion profile as a proxy for cluster
mass using the spherical Jeans equation, and then how
we implement this technique for A267.
5.1. Jeans Analysis
In order to measure cluster mass, we assume that the
galaxies within the main cluster population sample a sin-
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gle, pressure-supported halo that is dynamically relaxed
and traces an underlying dark matter dominated grav-
itational potential. With the additional assumption of
spherical symmetry, the mass profile, M(r), of the dark
matter halo relates to the galaxy distribution function
via the Jeans equation:
1
ν
d
dr
(
νσ2r
)
+2
βσ2r
r
=−GM(r)
r2
(13)
where ν(r) is the three-dimensional galaxy number den-
sity, σ2r (r) is the radial velocity dispersion, and β ≡
1− σ2θ/σ2r is the orbital anisotropy. Using cosmologi-
cal dark matter only simulations, Wojtak et al. (2013)
showed that the velocity anisotropy for cluster-sized ha-
los (1014−1015h−1M) is roughly constant with radius at
a value β ∼ 0.4. According to Binney & Tremaine (2008),
for the special case of constant, non-zero anisotropy, the
Jeans equation has the simple solution:
νσ2r = Gr
−2β
∫ ∞
r
s2β−2ν(s)M(s)ds. (14)
And by projecting along the line of sight, we can relate
the mass profile to the observable profiles of the projected
galaxy number density I(R) and velocity dispersion pro-
file σp(R) by
σ2p(R) =
2
I(R)
∫ ∞
R
(
1−β R
2
r2
)
νσ2r r√
r2−R2 dr. (15)
And so, by plugging in Eq. 14 into Eq. 15, specifying an
underlying dark matter halo model M(R), and adopting a
profile for I(R), we can determine the velocity dispersion
and mass profiles of the cluster.
For the galaxy number density, we assume that galaxies
trace out an underlying NFW profile such that ν(r) =
ν0R3mainr
−1(Rmain + r)−2. We then project this to obtain
the surface brightness profile (Binney & Tremaine 2008):
I(R) = 2
∫ ∞
R
ν(r)rdr√
r2−R2 . (16)
And for the dark matter halo, we adopt another NFW
profile ρ(r) such that the mass profile is given by M(R) =
4pi
∫ R
0 r
2ρ(r)dr. We would like to note that Eq. 16 is not
analytic for an NFW profile for R < Rmain, and so this
integral must be calculated numerically.
For simple anisotropy profiles, we can rewrite the com-
bination of Eq. 14 and 15 as (Mamon &  Lokas 2005)
σ2p(R) =
2G
I(R)
∫ ∞
R
K
( r
R
,
ra
R
)
ν(r)M(r)
dr
r
(17)
where the kernel K depends on the choice of anisotropy,
and are given for five anisotropy models in appendix 2 of
Mamon &  Lokas (2005). For A267, we used a constant
anisotropy model. Although it is not the most physi-
cally motivated model, we use a Gaussian velocity profile
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Figure 7. Posterior PDFs of parameters specifying the
dark matter halo of A267, using the Jeans Equation anal-
ysis described in §5. We show the scale radius of the
NFW light profile Rmain, mean cluster redshift z267, virial
mass and concentration of the dark matter halo M200 and
c200, and velocity anisotropy β . We also show the 1, 2,
and 3σ contours for the 2D posteriors.
(similar to Mamon et al. 2013) because it is easy to im-
plement numerically and is a fairly good approximation
for the observed profile of galaxy clusters.
5.2. Results for A267
Table 3 shows the free parameters used in this model.
Most of these parameters are the same as those used in §4
(see Table 1), with the replacement of σmain→ σmain(r).
This replaces σmain with three new parameters: two
define the dark matter halo (M200 and c200) and the
anisotropy of the velocity dispersion profile β . Further-
more, given the assumptions we make when applying and
solving the Jeans Equation, we remove the overall clus-
ter rotation, which reduces the number of free parame-
ters by two. We discuss in this section the application
of an Nsubs = 5 model, which includes a total of 38 free
parameters.
Fig. 7 shows the 1D and 2D posterior distributions
for the parameters that define the main cluster popula-
tion. We are able to reasonably constrain all parameters
pertaining to the main cluster halo. There is a strong
c200− β degeneracy, and a weaker M200− c200 degener-
acy. The M200− c200 relation is a usefully cosmological
scaling relation that exhibits relatively low scatter. In
Fig. 8 we zoom-in on the M200− c200 panel and compare
the results from three models (Nsubs = 0,3,5) with pre-
12
Table 3. Free parameters and priors for dynamical halo model of Abell 267
Parameter Prior Description
Rmain/Rmax Uniform between 0 and 1 Scale radius of main cluster population
z267 Uniform between 0.22 and 0.245 Redshift of A267
log10(M200/Mpc h
−1) Uniform between 13 and 16 Virial mass of dark matter halo
log10(c200) Uniform between 0 and 2 Concentration of dark matter halo c200 = r200/rDM
− log10(1−β ) Uniform between -1 and 1 Constant anisotropy β of velocity dispersion profile
log
[
Σcontam/arcmin−2
]
Uniform between −2 and 15 Surface brightness density for the uniform contamination profile
fmem Uniform between 0 and 1 Number fraction of galaxies in A267 (main + subpopulations)
Rsub,i/Rmax Uniform between 0 and 1 Scale radius of i-th cluster subpopulation
rc,sub,i/Rmax Uniform between 0 and 1 Radial location of center of i-th cluster subpopulation
θc,sub,i Uniform between 0 and 2pi Angular location of center of i-th cluster subpopulation
zsub,i Uniform between zsub,i−1 and 0.245 Redshift of i-th cluster subpopulation
σsub,i/km s−1 Uniform between 0 and 500 Velocity dispersion of i-th cluster subpopulation
f1... fi Uniform between 0 and 1 Number fraction of of galaxies in each subpopulation
Table 4. Mean values and standard deviations of 1D posterior PDFs for A267 free parameters in the Dark Matter
Halo Model
R0/Mpc h−1 α2000/deg δ2000/deg z M200/1014M h−1 log10(c200) β σ/km s−1
Main 0.28±0.06 28.174 0.999 0.2283±0.0003 6.77±1.06 0.61±0.39 −0.67±1.75
Sub1 1.04±1.34 28.070±0.095 0.984±0.014 0.2238±0.0020 179±89
Sub2 1.47±0.60 28.205±0.007 0.707±0.070 0.2302±0.0011 234±80
Sub3 0.69±0.47 28.170±0.001 1.164±0.042 0.2313±0.0007 205±70
Sub4 0.32±0.12 28.155±0.004 1.058±0.012 0.2368±0.0004 240±62
Sub5 1.52±0.35 27.932±0.034 0.903±0.013 0.2403±0.0004 194±74
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Figure 8. Mass-Concentration posteriors from the dark
matter halo model. Each color represents a model that
allows for a different number of subpopulations. The
red curve shows the M200− c200 relation from Dutton &
Maccio` (2014).
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Figure 9. Line-of-sight velocity dispersion profile for
A267.The dark and lighter regions correspond to 1σ and
2σ of the posterior, respectively. The solid black line is
the median posterior curve, while the dotted black line
corresponds to σdisp(r) for the highest likelihood model.
The blue points show the velocity dispersion of binned
galaxies weighted by each galaxies probably of member-
ship to the main cluster population Pmain. The red
points show the binned velocity dispersion calculated
from simulated data at each point in the posterior.
dictions of the M200− c200 relation derived from N-body
simulations (Dutton & Maccio` 2014). Even though the
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Figure 10. Radial mass profile for A267. The darker and
lighter regions correspond to 1σ and 2σ of the posteriors,
respectively. The solid black line is the median posterior
curve, while the dotted black line corresponds to M(< r)
for the highest likelihood model. The colored points show
4 different mass estimates of A267 from weak lensing
(green, Okabe & Smith 2016), caustic (red, Rines et al.
2013), velocity dispersion (purple, Rines et al. 2013), and
X-ray (blue, Jime´nez-Bailo´n et al. 2013).
mass of the dark matter halo decreases with increasing
number of subpopulations and the posterior for c200 is
relatively less constrained, we still recover a mean con-
centration in accordance with Dutton & Maccio` (2014).
Fig. 9 shows the velocity dispersion profile inferred
for A267 in black. The dark and light shaded regions
show the 68% and 95% confidence intervals of the poste-
rior PDFs. The solid and dashed black curves show the
median posterior and maximum likelihood velocity dis-
persion profiles, respectively. We compare this curve to
the velocity dispersion profile calculated by binning the
data and weighting these samples by their probability of
membership to the main cluster halo which is shown in
blue. In order to qualitatively show any potential bias
in calculating a binned velocity dispersion this way, we
show in red a posterior predictive check using simulated
data. For each point in the posterior we generate a sam-
ple of 1000 member galaxies to the cluster. We then bin
each sample and calculate the velocity dispersion of the
binned data in the same way as the blue points. Shown
in red is the composite of these binned samples over the
entire posterior. The posterior predictive check shows
that our true galaxy sample (blue points) is consistent
with the simulated data (red points).
Fig. 10 shows the mass profile of the dark matter halo
for A267. Like previous plots, the dark and light re-
gions show the 68% and 95% confidence intervals of the
PDFs, and the solid and dashed black curves show the
median posterior and maximum likelihood velocity dis-
persion profiles, respectively. For comparison we include
previous mass measurements of A267 from a variety of
different techniques: in green the weak lensing mass MWL200
(Okabe & Smith 2016), in red and purple the caustic
mass MCaustic200 and viral mass calculated with velocity dis-
persion of cluster members MDispersionvir , respectively (Rines
et al. 2013), and in blue we show the X-ray derived mass
MX500 (Jime´nez-Bailo´n et al. 2013). Our results are consis-
tent with MX500, M
Caustic
200 , and M
WL
200 , but we measure a sig-
nificantly smaller mass than MDispersionvir because the mass
estimate derived from the velocity dispersion is more sus-
ceptible to substructure.
6. CONCLUSIONS
We have developed a muli-population mixture model
in order to simultaneously model the internal kinematics
and substructure of A267. We included in this model
the ability to fit Nsubs subpopulations, as well as clus-
ter parameters such as NFW scale radius, mean cluster
redshift, velocity dispersion, and overall cluster rotation.
We embedded this model in a full Bayesian framework,
such that, we quantify posteriors of all free parameters
as well as parameter covariances. In the application of
this model to A267, we considered two alternative mod-
els that differ in how the cluster velocity dispersion is
treated. We first assumed a simple uniform velocity dis-
persion profile to analyze the dependence of the internal
kinematics on the arbitrary choice of the number of sub-
populations. We then solved the spherical Jeans Equa-
tion in order to fit a dark matter halo to A267, thus
inferring the enclosed mass profile while allowing the ve-
locity dispersion to vary with radius.
In our first analyses, we investigated the dependence
of the internal kinematics on the number of subpopu-
lations. We showed that as the number of subpopu-
lations increases, the inferred scale radius and velocity
dispersion of the cluster both decrease, with significant
consequences for cluster mass estimates. For A267, we
found that the preferred model, which allowed for up
to Nsubs = 4 sub-populations, implied a dynamical mass
∼ 20% smaller than the result from a model that ne-
glects sub-populations. Furthermore, we found that the
mean redshift of the cluster is also sensitive to the pres-
ence and treatment of subpopulations. Compared to
the no-substructure model, allowing for Nsubs = 5 sub-
populations lowers our estimate of the cluster mean ve-
locity by ∼ 100 km s−1, approximately doubling the ve-
locity offset between A267 and its BCG. This demon-
strates how accounting for substructure can have sig-
nificant implications for detecting “wobble” of the BCG
around the cluster core, as predicted by self-interacting
dark matter models (Harvey et al. 2017; Kim et al. 2017).
Finally we embedded our mixture model within a dy-
namical model that relates the dark matter halo potential
to cluster kinematics. From this analysis, allowing for
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up to Nsubs = 5 sub-populations, we infer for A267 a halo
mass M200 = 6.77± 1.06× 1014M/h and concentration
log10 c200 = 0.61±0.39 with velocity dispersion anisotropy
β = −0.67± 1.75. The mass and concentration posteri-
ors are consistent with the well established M200− c200
relation derived from N-body simulations (Dutton &
Maccio` 2014). The corresponding mass profile (Fig-
ure 10) is in good agreement with previously measured
masses of A267 from X-ray and weak-lensing measure-
ments (Jime´nez-Bailo´n et al. 2013; Okabe et al. 2010),
as well as the dynamical estimate based on the caustic
technique (Rines et al. 2013). Interestingly, the dynam-
ical mass previously estimated directly from the galaxy
velocity dispersion (assuming no sub-substructure; Rines
et al. 2013) is larger than we infer when we allow for
Nsubs = 5 sub-populations, but in good agreement with
the mass profile we obtain if we restrict our Jeans model
to Nsubs = 0 sub-populations.
In summary, we have developed a dynamical mixture
model to account for both internal rotation and sub-
structure within galaxy clusters. Our first application,
to Abell 267, illustrates the sensitivity of important dy-
namical results—mean redshift, scale radius, internal ve-
locity dispersion, and dynamical mass—to the presence
and modeling of substructure. This work adds to mount-
ing evidence that, given the widespread interest in using
galaxy clusters for both cosmology and tests of dark mat-
ter models, it is necessary to account for such substruc-
ture when modeling galaxy kinematic data. In future
work, we will extend this analysis to other galaxy clus-
ters with similarly large and high-quality data sets.
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